Abstract. We describe the structure of a free loop of rank n in the variety of automorphic Moufang loops as a subdirect product of a free group and a free commutative Moufang loop, both of rank n. In particular, the variety of automorphic Moufang loops is the join of the variety of groups and the variety of commutative Moufang loops.
Introduction
The variety of Moufang loops is defined by the identity (xy)(zx) = [x(yz)]x.
In an arbitrary loop one defines commutators and associators by In an arbitrary loop Q consider the translations
The group J(Q) generated by the mappings
is called the inner mapping group of Q. A subloop H of Q is normal if H is invariant under J(Q) (see [3, p. 60] ). In 1956 Bruck and Paige began to study loops, in which all inner mappings are automorphisms, under the name "A-loops". These loops are now known as automorphic loops. In an automorphic loop Q all characteristic subloops are normal, in particular, the commutator subloop [Q, Q] and the associator subloop A(Q) are normal subloops of Q.
Automorphic Moufang loops form a variety which contains all groups and all commutative Moufang loops (CMLs). In [7] and [9] it is shown that every Fquasigroup is isotopic to an automorphic Moufang loop which is a product of a group and a CML.
In our paper we show how a free automorphic Moufang loop of rank n is composed of a free group of rank n and a free CML of rank n. In particular, the variety of automorphic Moufang loops is the join of the variety of all groups and the variety of all CMLs.
Automorphic Moufang loops
The following result is well known (see [6, Theorem 4 
For an arbitrary loop Q we put 
Proof. By Lemma 2.2 the identities ([x, y], z, t) = 1 and [(x, y, z), t] = 1 hold in M .
Hence (i) is proved, whereas (ii) and (iii) are obvious.
Free automorphic Moufang loops
Let F n be the free group generated by X = {x 1 , . . . , x n } and let C n be the free CML generated by Y = {y 1 , . . . , y n }. Put
for 1 ≤ i ≤ n and denote by A n the subloop of F n × C n generated by Z = {z 1 , . . . , z n }. Obviously one has Proposition 3.1. For the subloop A n of F n × C n the following statements hold: 
Conversely, we consider the restrictions
and the surjective homomorphisms
induced by ϕ. Since commutators and associators form verbal subloops, the homomorphisms ϕ c and ϕ a are surjective. Consider the commutative diagram
are free CMLs of rank n. Hence ϕ c is an isomorphism. Assume that there is w ∈ Ker ϕ such that w / ∈ [M n , M n ]. Considering monomorphisms as inclusions and writing surjective homomorphisms as coset projections, we obtain
The same argument applied to ϕ a gives us Ker ϕ ≤ A(M n ). Hence
the lemma is proved. 
We have to show that ϕ is an isomorphism. In view of Lemma 3.2 this means that we have to show that D(M n ) = 1. 1) We first show the validity of the theorem for the case n = 3. Let x, y, z be a free generating system of M 3 and let a be the associator (x, y, z). Then a 3 = 1 and
is a group, a contradiction. It follows that D(M 3 ) = 1 and
It is a consequence of this isomorphism that any commutator identity in at most three variables holds in all automorphic Moufang loops if and only if it holds in all groups.
In particular, the Witt identity
holds in every automorphic Moufang loop. Let A be an automorphic Moufang loop such that [A, A] is commutative. Then it follows from (3.1) that in A the Jacobi identity
and the canonical projection ρ : M n → M n , the following assertions hold: 
and Ker (ϕ) = D(M n ).
The action under conjugation of M n on G leads to a homomorphism
Observe that with the notation γ i = γ(b i ) we see that Γ is a free abelian group generated by the set {γ 1 , . . . , γ n }. By the Witt identity (3.2) we have for any i, j, k :
5) Now we compare the Γ-module G with the standard relation module of the free abelian group Γ ∼ = Z n (see [1] , [2] , [5] ) and we obtain the abelian group 
